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1. Introduction

Inequalities played a fundamental role in the development of almost all the
fields of pure and applied sciences. Inequalities present very active and fascinating
field of research. In recent years, a wide class of integral inequalities are being
derived via different concepts of convexity. A significant class of convex functions
is strongly convex function introduced by Polyak [20]. He used the strongly
convex function for proving the convergence of a gradient type algorithm for
minimizing a function. They also play an important role in optimization theory,
mathematical economics, variational inequalities and other branches of pure and
applied mathematics, see [2, 5, 10, 12, 13, 15-26]. Merentes and Nikodem [10]
obtained the Hermite-Hadamard inequality for strongly convex functions. Another
class of convex functions is considered by Tunc et. al [24], which is called beta-
convex function.

Motivated and inspired by the ongoing research in this dynamic field, we
introduce and investigate a new class of convex functions, called strongly beta-
convex functions. We discuss some properties of strongly beta-convex functions.
Some new Hermite-Hadamard integral inequalities involving beta function are
obtained. Some special cases are also discussed. Results obtained in this paper can
be viewed as significant refinement and improvement of the known results.

We now recall the basic concepts and results, which are needed to obtain the
main results.

Definition 1.1 [19]. Aset | — R is said to be a convex set, if
QA-t)x+ty el, vx,yel,te[0,1].
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We now introduce a new concept of strongly (k,h,h,)-convex function, which
includes the main defintion of Crestescu et al [4].

Definition 1.2 A function f :1 R — R is said to be strongly (k,h;,h,) -

convex function with respect to non-negative functions K, h,, h, with modulus

c>0,if

f(k@=)x+k()y)<h @ () +h,(t) f (y) -ctd-t)(x-y)®,
vx,yel,te(0,1).

We note that if ¢ =0, then Definition 1.2 reduces the concept of

(k, h,, h,) -convexity defined in [4].

1)

If K(t)=t, h(t)=(1-t)"t" and h,(t) =t (L—t)", then Definition 1.2 reduces to
strongly beta-convex functions.

Definition 1.3 A function f : 1 IR — R is said to be strongly beta-convex
function with modulus ¢ >0, where p,q>-1, if

f((1-t)x+ty) < (1-t)Ptf (x)+tP(L-t)* f (y) —ct(1-t)(x—y)?,

2
vx,yel,te(0,1).

If (2) is assumed for t = % , then

f(x+yj< fF)+f(y) ¢
2 ) 2P 4
which is called Jensen strongly beta-convex function.

If ¢ =0, then strongly beta-convex functions are exactly the generalized
beta-convex functions studied by Noor [14]. This notion unifies and generalizes the
known classes of strongly convex functions, Godunova-Levin strongly convex
functions, strongly P -functions, strongly tgs-convex functions, strongly s -convex
functions, Godunova-Levin strongly S -convex functions and generalized strongly
MT -convex functions, which are obtained by considering

(p,g)= {(1, 0), (-1,0), (0,0), (1,1), (s,0), (s, 0), (%,—%)}, respectively.

(x-y)’, ¥x,yel,

Definition 1.4 A function f :1 c R——R is said to be strongly log -beta-
convex function with respect to non-negative functions K, h;, h, with
on | ,if
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f (k(@-t)x+k(t)y) <[ COI*[f (1" —ct(1-t)(x—y)?,
vx, yel,te(0,1).

Fort= % we have

)

f(k(%)(xw))s Fo01" 2 Lf ()] —%(x—y)z, wxyel,

which is called Jensen type strongly log -beta-convex function.

If k(t)=t, h(t)=@-t)’t"and h,(t) =t"(1—t)%, then the function f is
said to be strongly log -beta-convex functions with modulus ¢ > 0, that is,

F(@A-t)x+ty) <[F OO LF (I —et(@-t)(x—y)*
<(L-t)PtfF(X)+tP(A-1) f (y) —ct(1-t)(x—y)>.
This shows that, strongly log -beta-convex function implies strongly beta-convex

function, but the converse is not true.
If we take (p,q) =(1,0), then Definition 1.4, reduces to the definition of

strongly log -convex functions introduced by Sarikaya et. al [22].
We recall the following special function which is known as Beta function.

L a4 = TOOL(Y)
X,y) = [(A-t) dt=—"—2, x,y>0,
BxY) = [T (1-1) roay Y
where I'(-) is a Gamma function.
2. Main Results
Lemma 2.1.
i). Let function f :1 =[a,b]c R——>R be a strongly beta-convex function

with modulus c. If t*(1—t)? <t, then the function g(x) = f(X)—c(X)? is beta-
convex.
ii). Let function f : 1 =[a,b]c R——>R be a strongly beta-mid-convex with

modulus c. If 2p_1+q < % then the function g(x) = f(x)—c(x)® is beta-mid-
convex function.

Proof.
i) Assume that f is strongly beta-convex with modulus ¢ . Using properties of

the inner product and assumption t?(1—t)% <t, we have
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g((A-t)x+ty) = f(A-t)x+ty) —c((1-t)x +1y)’ <
<(A-t)Ptf (X) +tP(1-t) f (y) —ct(1-t)(x—y)* -
—c((1-t)x+ty)*=
= (L-0)°t () + P (1-1)T () —ct@-1)[ () - 2xy +(y)* |+
+(1-t)*(X)* + 2t(L-t)xy +t*(y)?) =
= (1-t)"t f (X) +t°(1-1)7 f (y) —c(1-t)(X)* —ct(y)*<
<S(A-t)Ptf(X) +tP (1-1)* f (y) —c(1-1)"t?(x)?
—ct?(1-1)°(y)* = (1-1)"t"g(x) +t*(1-1)"g(y)
which gives that g is beta-convex function. This shows that f is strongly beta-

convex with modulus c.
ii). Let f be strongly beta-mid-convex with modulus ¢ and assumption

1 sl.Then
2P 2

X+y _ X+y X+y2
g(_E_j_f( 2 j_“ 7 )=
S f+f(y) ¢

w—yf—§u+yfs

27 4
e COREIORE
_[F0)= 0071+ (1) = ()71 _ 900 +9(y)
- 2pP+q 2p+a

which implies that g is beta-mid-convex function.

Now we drive Hermite-Hadamard inequality for strongly beta convex
functions.

Theorem 2.1. Let f:l =[a,b]c R——>R be strongly beta-convex function
with modulus ¢ >0. If f €L[a,b], then

2p+q1{f(%bj+%(a—b)z}<i :f(x)dx

" b-a

< B(p+1,q+1)[f(a)+ f(b)]—%(a—b)z.
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Proof. Let f be strongly beta-convex function. Then taking x = (1—t)a+tb and
y=ta+(1-t)b in (2), we have

f(aTerj ZM[f (1-ta+th)+ f (ta+ (1-t)b)] -

_ C(1—42t) (a —b)2 _

U f(A-a+th)dt+ [ f (la+(1- t)b)dt}

2p+q
2 2
—Z(a—b) jo(l—zt) dt

This implies
b c 1 b
2°+a ] f ij —(a—b)? |[<—— | f(x)dx.
{ ( 2 )@ b—a-[a )
Nowconsider
b f(x)dx j f((1-t)a+to)dt <
< f(a) Io(l—t)ptth+ f (b) jotp(l—t)th -

~c(a-b)[t(A-tydt=

= B(p+La+DIf (@) + F )] -2 (@-b)”
which is the required result.

Note that, if p,q=21and ¢ =0 in Theorem 2.1, then it becomes a
particular case of right hand side of the Hermite Hadamard inequality (3.1), see [4].
Theorem 2.2. Let f,g:1 cR——R be strongly beta convex functions with
modulus ¢>0.If f,gelL[a,b], then

1

b—a
s,b’(p+q+1, p+g+1)M(a,b)+ £(2p+1,2q+1)N(a,b) —

f(x)g(a+b X)dx <

—,B(p+2,q+2)c(a—b)28(a,b)+§—;(a—b)4,

where
M(a,b) = f(a)g(a)+ f (b)g(b) (4)

N(a,b) = f(a)g(b)+ f (b)g(a) ()
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S(a,b)=f(a)+ f(b)+g(a)+g(b). (6)

Proof. Let f,g be strongly beta-convex functions with modulus ¢ > 0. Then

1 Pfxgatb—x)dx=
b-a-a

= j:f (1-t)a+th)g(ta + (1-t)b)dt <
<j (1-1)Ptf (@) +t° (1-1)* F (b) || t*(1-t)? g(a) + A—1)"t°g(b) | _
i —ct(1-t)(a—b)? —ct(1-t)(a—h)? B
=[f(a)g(a)+ f(b)g (b)]folt PA(L-t)P T dt +
+[f(a)g(b) + 1‘(|O)@J(<'31)]Et2p(1—t)ZqOIt -
—c(a—b)*[f(a)+ f (b)+g(a)+g(b)] j:t PL(1—t) "t
+ct(a-b)* [P (1-1)dt =
= p(p+g+1, p+q+1)[f(a)g(a)+ f(b)g0)]+
+p2p+12q+1)[f(a)g(b) + f(b)g(a)] -
—ﬁ(p+2,Q+2)C(a—b)2[f(a)+f(b)+9(a)+9(b)]+;—0(a—b)4=
=pB(p+q+1, p+g+1)M(a,b)+ £(2p+1,2g+1)N(a,b) —
—,B(p+2,q+2)c(a—b)28(a,b)+§—;(a—b)4,

which is the required result.
Now we discuss special cases.

I.If f =g in Theorem 2.2, then it reduces to the following result.
Corollary 2.1. Let f:1 c R——R be strongly convex functions with modulus
c>0.If f el[a,b], then

b
1 f(x)f(a+b—x)dx <
b—a-a

<B(p+q+1, p+q+1)|f2(@)+ F2(b) |+ 282p+1,29+1)[f (a) f (b)] -
—28(p+2,q+2)c(a—b)’[f (a) + f(b)]+§—;(a—b)“.

I1.If g(a+b—x)=g(x) in Theorem 2.2, then it reduces to the following result.
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Corollary 2.2. Let f,g:1 c R——R be strongly beta convex functions with
modulus c>0.If fg e L[a,b], then

[ 00g00dks
Sﬂ(2p+1,2q+1)M(a,b)+,8(p+q+1, p+qg+1)N(a,b) —

—,B(p+2,q+2)c(a—b)28(a,b)+§—;(a—b)4,

where M (a,b), N(a,b) and S(a,b) are given by (4), (5) and (6) respectively.
Next, we prove Hermite-Hadamard-Fejer type inequality for strongly beta-
convex functions. To prove this, we need following result.

Lemma2.2. Let f:l =[a,p]c R——>R be strongly beta-convex function.
Then
f(a+b—x)<[(1-1t)"t* +t*(1-0)][f (@) + f (b)]- T (x)
—2ct(1-t)(a—-b)>.
Proof. As we know that x €[a,b], can be represented as x = (1—t)a+tb, for all
t [0,1].
Thus
f(a+b—x) = f(ta+(1-t)b) <

<tPA-t)' f@)+(@A-t)°Ptf (b)—Ct(l—t)(a—b)2 =
=(1-t)"tf(a)+ f(b)] +t"(1-t)[f(a) + f(D)] —Ct(l—t)(a—b)2 -
—[(A-t)Pt*f (@) +tP (1—1) f (b) —ct(1-t)(a—b)*]—ct(1-t)(a—b)’ <
<[(1-1)Pt? +t° (1-t)°][f @) + f (0)] - f (X) — 2ct(1—t)(a—b)?,
which is the required result.

Theorem 2.3. Let f: | =[a,b]c R——>R be strongly beta-convex function.
If f eL[a,b],then

2p+q-1f(a+b)j g()dx+2

sfu@m@ms
f(a)+f(b) x—a) (x-a\’(b-x)
! H S 6 6 }9“)‘“‘

_c(a-b) j( j(g_xjg(X)dx

p+q
“[[@+b-2x7g(x)dx <
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where g :[a,b] < R\{0} is symmetric, nonnegative, integrable and satisfies
g(x) =g(a+b—x), Vvxela,b].
Proof. Using the given fact and Lemma 2.2, we have

p+q
2p+q-1f(a;bJj g(x)dx+ 2 Cj:(a+b—zx)zg(x)olx=
— p+q
N R

szw-ljb{ S (f@rb=+ () -7 (a+h- 2X>}9(X)dX+

2P79¢ (b

¢ j:(a +b-2x)%g(x)dx <

—+

_f(a+b 2x)2g(x)dx =

. %jbf (a+b—x)g(x)dx+5'[a f(x)g(x)dx =

=ﬁummmw=

= %jbf (a+b—x)g(x)dx+%j:f (X)g(x)dx <

s%j:[(l—t)ptq P (-t ][ f (@) + f (B)]— f () —
- 20t(1—t)(a—b)2]g(x)dx+%I:f (X)g(x)dx =

SIOLAIU)] (a); MO -ty +P (-1 g(x)dx -

~ct(1-t)(@-b) [ g(x)dx <

f(a>+f<b)IK ) (g-:)q{b_aj [E_xj }g(x)dx—

—c(a-b) f( j[g XJg(x)dx

this completes the proof.
In Theorem 2.3, if g(x) =1, then it reduces to the Theorem 2.1.

We need the following Lemma in order to obtain new integral inequalities related
to strongly beta-convex function.
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Lemma2.3.[9].If f:1=[a,b]c R——>R isa function such that
f e L[a,b], then the following equality holds for some fixed «,7 > 0.

j:(x—a)“(b—x)" f (x)dx = (b—a)"* jol t(1-t)" f (1—t)a+th)dt.

Theorem 2.4. Let f: 1 =[a,b]c R——>R be a differentiable function on the
interior 1° of 1. If f eL[a,b] and | f |* is strongly beta-convex function on
[a,b] and &, 7 >0, 4 >1, then

1

‘ j:(x— 2)“ (b—x)" f (X)dx| < (b—a)“ " [ Bla +1,7+1)] * x

Q@I+ f@DA@+a+Ln+p+D) ;
—c(@a-b)*Bla+2,n+2)

Proof. Using Lemma 2.3, beta-convexity of | f |ﬂ and power mean inequality, we
have

‘ [[(x-a)(-x)" f(x)dx‘ -

= (b—a)"" jol t7(1-t)" | f((1-t)a+th)|dt <

< (b—a)a“?*l[ [l t”’(l—t)”dtjl_’ll( [t @07 | f(@-va+b)f oltji <

R (1-°t"| f (@) ;
s(b—a)“*”*l(j:t“(l—t)”dt) A ra-y] -yt foF | =
—ct(l-t)(a—b)*

N

[ f@F [t (@-t)y Pt

1
1-=
= (-2 ([T a-vrat) “ |+ 1O [ -t | -

1
—c(a—b)* [t (1-t)""dt
0
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= (b-a)* " [Bla+1n+1)]

[UT@I+ f®)DA@+q+Ly+p+1) ;
—c(a—b)’*Ba+2,n+2)

the the required result.

Under the assumptions of Theorem 2.4 with 4 =1, we have the following
result.

Corollary 2.3. Let f: |1 =[a,b]c R——R be a differentiable function on the
interior 1° of | . If f eL[a,b] and | f | is strongly beta-convex function on
[a,b] and «,7 >0, then

b
[ (x—a)“(b—x)”f(x)dx‘

(f@I[+|fO))Bl@+q+l,n+p+1)
—c(a—b)’p(a+2,7+2)

< (b _ a)a+77+1 |:

Theorem 2.5. Let f: | =[a,b]c R——>R be a differentiable function on the
interior 1° of | . If f eL[a,b] and | f |" is strongly beta-convex function on
[a,b] and «,;7 >0, then
b
U (x—a)“(b—x)”f(x)dx‘
1

< (b—a)“ " [Blau+1,nu+1)]*

2
]

{(I f@l +f(d)I)A(p+1.4 +1)—%(a—b)2}

where l+1:1.
7,

Proof. Using Lemma 2.3, strongly beta-convexity of | f | and the Holder’s
integral inequality, we have

‘ [[(x-a)(b-x)" 1 (x)dx‘ -

= (b— )~ jol t(1-1)" | f((1-t)a+th)|dt <
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IA

=(b- a)ml(f:t“”(l—t)”” dt)‘l‘(j: | f(1-tya+tb) [ olt)i

1
<(b- a)“*”“( [t dtj" x
1

x( jol[(l—t)ptq | @) +t°(1-1)*| f(b) " —ct(l—t)(a—b)z]dt)ﬂ -

1
= (b—a)*""flau+1,nu+1) ]« x

2

><{(I f@l" +|f(b) I}")ﬂ(p+1,Q+1)—%(a—b)2}

This completes the proof.

3. Conclusion

In this paper, we have introduced a new concept of the strongly convex
functions with modulus with respect to three non-negative arbitrary functions. This
new concept includes the class of strongly beta-convex functions as special case.
Some new Hermite-Hadamard type inequalities are derived for the strongly beta-
convex functions, which are our main results.Some special cases are discussed. It
is an interesting problem to derive the Hermite-Hadamard type inequalities for the
newly introduced class of convex functions. These results can be extended for
other classes of convex functions and related optimization problems, see, for
example, [15-18] and the references therein.. The ideas and techniques of this
paper may be staring point for future research work in this dynamic filed.

Acknowledgement
The authors would like to thank the referees for their constructive and valuable
comments, which motivated us to consider the unified and general classes of
strongly convex functions. Authors are grateful the Rector, COMSATS Institute of

Information Technology, Pakistan for providing the excellent academic and
research environment.

References

1. Angulo H., Gimenez J., Moros A. M., Nikodem K. On strongly h -convex
functions, Ann. Funct. Anal., V.2, N.2, 2011, pp. 85-91.

183



184

10.

11.

12.

13.

14.

15.

16.

17.

18.

PROCEEDINGS OF 1AM, V.6, N.2, 2017

Azodcar A., Giménez J., Nikodem K., Sanchez J.L., On strongly midconvex
functions, Opuscula Math., V.31, N.1, 2011, pp.15-26.

Cristescu G., Lupsa L., Non-connected Convexities and Applications,
Kluwer Academic Publisher, Dordrechet, Holland, 2002.

Cristescu G., Mihail G., Awan M.U., Regularity properties and integral

inequalities related to (k,h,,h,) -convexity of functions, Analele Univ.

Timisoara, Ser: Math. Inform., V.LIII, N.1, 2015, pp.19-35.

Gen R., Nikodem K., Strongly convex functions of higher order, Nonlinear
Anal., V.74, 2011, pp.661-665.

Hadamard J., Etude sur les proprietes des fonctions entieres e.t en
particulier dunefonction consideree par Riemann. J. Math. Pure Appl.,
V.58, 1893, pp.171-215.

Hermite C., Sur deux limites d’une intégrale définie. Mathesis, V.3, 1983,
82 p.

Jovanovic M.V., A note on strongly convex and strongly quasiconvex
functions, Math. Notes, V.60, N.5, 1996, pp.778-779.

Liu M., New integral inequalities involving beta function via P -
convexity, Misk. Math. Notes, V.15, N.2, 2014, pp.585-591.

Merentes N., Nikodem K., Remarks on strongly convex functions,
Aequationes Math. V.80, N.1-2, 2010, pp.193-199.

Niculescu C.P., Persson L.E., Convex Functions and Their Applications,
Springer, Berlin, 2006.

Nikodem K., Pales Z., Characterizations of inner product spaces by
strongly convex functions, Banach J. Math. Anal. V.5, N.1, 2011, pp.83-
87.

Nikodem K., Strongly convex functions and related classes of functions,
In: Functional Inequalities, (Ed. Th. M. Rassias), Springer, Berlin,
Germany, V.95, 2015, pp.365-405.

Noor M.A., Advanced Convex Analysis, Lecture Notes, Mathematics,
COMSATS Institute of Information Technology, Islamabad, Pakistan,
2016-2017.

Noor M.A., Noor K.1., Iftkhar S., Awan M.U. Strongly harmoinc convex
functions and integral inequalioties, J. Math. Anal.,V.7, N.4, 2017, pp.66-
77.

Noor M.A., Noor K.l Iftkhar S. Hermite-Hadamard inequalities for
strongly harrmonic convex functions, J. Inequal. Special Funct., V.7, N.3,
2017, pp.99-113.

Noor M.A., Noor K.I., Iftikhar S. Integral inequalities for differentiable
relative harmonic preinvex functions(survey), TWMS J. Pure Appl. Math.
V.7, N.1, 2016, pp.3-19.

Noor M.A., Noor K.I., Iftikhar S. Inequalities via strongly p-harmonic log-
convex functions, J. Nonlin. Funct. Anal., 2017, 2017, Article ID. 20, 14 p.



M.A.

19

20.

21.

22.

23.

24,

25.

26.

NOOR, K.I. NOOR AND S. IFTIKHAR: STRONGLY BETA-CONVEX FUNCTIONS ...

. Pecaric J., Proschan F., Tong Y.L. Convex Functions, Partial Orderings
and Statistical Applications, Acdemic Press, New york, 1992.

Polyak B.T. Existence theorems and convergence of minimizing sequences
in extremum problems with restictions, Soviet Math. Dokl. V.7, 1966,
pp.72-75.

Roberts A.W.,Varberg D.E., Convex Functions. Academic Press, New
York, 1973.

Sarikaya M.Z., Yaldiz H., On Hermite-Hadamard type inequalities for
strongly log -convex functions, arXiv: 1203.2281v1 [math.FA], 2012.

Sarikaya M.Z., On strongly ¢, -convex functions in inner product spaces,

Arab J. math., V.2, 2013, pp.295-302.

Tunc M., Sanal U., Gov E. Some Hermite-Hadamard inequalities for beta-
convex and its fractional applications, New Trends. Math. Sci., V.3, N.4,
2015, pp.18-33.

Vial J.P. Strong and weak convexity of sets and functions, Math. Oper.
Res. V.8, 1983, pp.231-259.

Vial J.P., Strong convexity of sets and functions, J. Math. Econ., V.9,
1982, pp.187-205.

CocTaBHBIEe HEPaBEeHCTBA Yepe3 CUJIbHO BBINYKJIbIe 0eTa- QyHKIMA

M. A. Hyp, X. 1. Hyp u C. Uptuxap

Otnen matematuku, MacTuTyT MEpOpMarmonssix TexHonoruit COMSATS, IMapk-poyr,

Wcnamaban, [Takucran.

noormaslam@gmail.com, khalidanoor@hotmail.com, sabah.iftikhar22@gmail.com

PE3IOME

Msbl BBOIMM M HM3y4aeM HOBBIH KJIAcC BBINMYKIBIX (YHKIWH, KOTOPBIA BBI3BAH
CHJIBHO BBINTyKIIbIe OeTa-(yHKIMH. MBI 110JIy4aeM HEKOTOPbIE HOBbIE HEPAaBEeHCTBA DpMHUTA-
Apnamapa. Taxxe paccMaTpuBaroTCsi HEKOTOpPBIE OCOObIe Ciydan. MeETO/ABl 3TOH CTaThbH

MOTYT

OBITh OTHPABHOW TOYKOHM I JAJNBHEHINEr0 MUCCICAOBAHHUS B ITOH JMHAMHYECKON

obnactu.
KawueBbie ciaoBa: CHIBHO BBITYKIBIE OeTa- (YHKINH, OeTa-BBIMYKIbIE (QYHKIUH,

Hepase

HCTBO DpMuTa-Amamapa.
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